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In this work a description of the solution of the first fundamental problem in the theory
of elasticity is obtained for a rectangle in the vicinity of corner points, On the basis of
this concept a series of conclusions are drawn about the differential properties of the
solution as a function of properties of boundary functions, and the final formulation of
the fundamental result of paper [1] is pointed out, In conclusion the behavior of the solu-~
tion is elucidated for the case where the relative width of the rectangle tends to zero.

1, On the rectangle ABCD (Fig,1) let us examine the first fundamental problem of
the theory of elasticity Afu — 0 (1.1

U == Uy == 0, y = i 1 u = f(y), Ug i f]. (y)v z =+ h (12)

The fundamental objective of this work will be the analysis of the behavior of the
solution z of problems (1, 1) and (1, 2) for the case where the relative width of the plate

¥ tends to zero, i.e, for 2~ — oc. The indicated problem ari-

T’ ¢ ses in the proof of the applied theory of bending of rods and
! in the examination of the accuracy of this theory, The

_+ solution is based on the special representation {3, 22) of
- T 81— T [# paper [1], which was obtained with the assumption that
l ue Wyt (p > 2). The question about the necessity to
y 1= 7 require that boundary functions f (y) and f, (y) satisfy the
condition u &W,* (p>>2), remained open in [1],

At present differential properties of solutions of elliptic
equations inside the region and near the smooth parts of the boundary have been well
studied, Among the efforts devoted to the investigation of solutions in the vicinity of
singular points of the boundary the work of Kondrat'ev should be noted [2], where gene-
ral elliptic equations in regions with conic or cotner points are investigated, The remain-
ing papers of this type are either devoted to second order equations, or they impose too
harsh limitations on the solutions,

In the present paper an analysis of behavior of the solution of probiems (1. 1) and (1.2)
in the vicinity of corners of rectangle ABCD is carried out, which in spite of the general
idea differs from the investigation carried out by Kondrat'ev in [2], The method which
is used by the author was developed by Vorovich who examined the mixed problem of
the theory of elasticity for a strip and a layer and who elucidated the character of beha-
vior of the solution of these problems at infinity and at points of separation of boundary
conditions ( *),

8

>y

Fig, 1

*) See summaries of Transactions of the III All-Union Conference on Theoretical and
Applied Mechanics,
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2, In this section all auxiliary material is collected for subsequent use,

a) Basic notation: Q is the rectangle ABCD; Qp , is the sector of radius R with
the center at point 4; ¢, (1) is the space of functions, definite in region £ and having
in this region /th derivatives which satisfy Hélder's condition with the index a (for! —
= 0 we write C,); L, (a, ) is the space of functions which are summable in the pth
degree on the section [a, b]; Wpl (D) is the space of functions which in region D have
generalized /th derivatives summable in the pth degree [3], #, is the set of functions
u € Wyt (Q) and which satisfy the boundary conditions u | = du/ dn|g = 0, where §
is the boundary of the region Q; W;jl”’ (a, b) is the space of Slobodetskii [4].

b) The function z & W,? (Q) which satisfies the boundary conditions (1, 2) and the

integral identity S( Aubvdrdy =0 (v & Ho) 2.1)
(4}
is called the generalized solution of the problem (1, 1), (1. 2).

Lemma 2,1, If the system of boundary values (1. 2) is admissible, then there
exists a unique function u & W;? (Q) which satisfies the problem (1, 1), (1.2) in the
generalized sense [3],

The problem of admissibility of the system of boundary values in the case of a region
with a smooth boundary was completely solved in the work of Slobodetskii [4]. However,
in the presence of corner points this question still remains open, For the problem (1, 1),
(1. 2) we can present the following sufficient condition.

Lemma 2.2. If f(y), /L (y) & W2 (—1,1) and in addition if f (1) = f (£ 1) =
=f, (1) = f;’ (1) = 0, then the system of boundary values (1, 2) is admissibie,

In the following, however, it will not be assumed that conditions of Lemma 2,2 are
satisfied, We shall only assume that the system of boundary values is admissible, It fol-
lows then from imbedding theorems of Sobolev-Kondrashov that:

e, (—1,1) (@ < 1), (1) =0 2.2
o hy) €Ly (—1,1) (p <) (2.3)
and also weEC, (9 @< 1) .4

Lemma 2.3, The function v which is the generalized solution of problem (1, 1),
(1.2) is infinitely differentiable inside Q (see e, g. [3], p. 117).

Lemma 2.4, If fEC,(a b)sand ;€€ 4 b), 121, 0L,
a>—1, b<1, then uc C,,, (D), where D is a closed subregion of €, adjoining the
interval (e, b) and not containing corner points of Q. The following estimate is valid:

bl < CUT ey, e _y,,)

Lemma 2.5, If W5V’ (a,b),and H E WELYP (g,b), 12, 1< p< oo
(p>2 for I = 2),then ue Wyl (D)in any closed subregion D of the region «, adjoin-
ing the interval (a, b) and not containing corner points of . The following estimate is
valid: [ lw, s € (1 b i=ve + 1 1l t—1—1/p)

Lemmas 2,4 and 2. 5 follow from results of work in [5],

c) The following integral is called the Mellin transform of function f (r)
o

F(s)= S PV (e, s =0 - it
0
Lemma 2,6, If °1f(r)< Ly (0, <), where function f (r) is continuous and has

bounded variation, then
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" 54-i00
10)="54 S r8F (s)ds
G—100
where the integral is undestood in the sense of the principal value [61.
Lemma 2,7, If f(r)& L, (a, b)and j(r) = 0 outside of [a, &] (a > 0, b < o0),
then F (s) is an entire function,
Lemma 2,8, If f(r)=0for r> e and f(r) & Ly(0, a), then F (s) is an analytic
function in the half-plane ¢ > 1/ p.
Lemma 2,9, If {(r) =0 outside of [a, b] (a >0, b <{ %) and f (r) € €y, (0, ),
then for large T |[FEISCf "CH-a Is| e 1Tl 12

Lemma 2,10, If f(r)ECp, (0, o) and f(r) =0 for r> a>0,then F (s) is
an analytic function in the half-space ¢ > —(I -+ o), with the exception of perhaps the
points s = 0, —1,...,—I, where simple poles are possible, For large T the following
estimate is valid: | F(s)| < C(DIf "Cz+a Is l-l l e 1Tl ¥ (y=min(, 6+ !+ a))

Lemmas 2, 7—2, 10 are taken from still unpublished work of I, I, Vorovich,

8, The integral identity (2, 1) for any four times continuously differentiable function
v & H, can be rewritten in the following manner:

e

SS ulAvdzdy - § [h (y)Av
-1

Q

] dy +
x=h

1

+ § [h W]

-1

i 28

_h] dy =0 3.1)

It is quite evident that the identity (3, 1) is valid for a wider classs of functions v,
namely for v € H, [ Wp* (Q) (p > 1).In (3, 1) let us change to polar coordinates plac-
ing their origin at point 4. The function » is taken in the form

v=r¥*(r) a (g) (3.2)

where X (=1 for rSR—8 O<R <1, 0LS8<LRA), (=0 for r >R and
x(r) is infinitely differentiable for 0 < r < o0, and a (g) is four times continuously dif-
terentiable, For the function » of form (3,2) to belong to H, [} Wpt (Q), it is necessary
for the following conditions to be fulfilled: 6>0 (0 = Res), a(0) = &’ (0) =
= a (¥yn) = a’ (Y2 %) = 0. The identity (3. 1) now assumes the following form :

. W w161 o (52 (s + 2000 52 (5 2] + 57 (1) 5+ 6) a® +
R, A

+ (48% 4 1852 -+ 24s -+ 9) a] + rSy” (1) [2a” + (65 + 24s + 23) a] + rHL g (r) (4s + 10) a +

R
+ r*2 41V (r) a} rdrde + S [fi(r—1) sy (r) a" (o) — f (r — 1) r* Ly (r) @™ (fan)] dr =0
0

Let us assume (3.3)
R

U(tp,s):Su r, @)y (r)r*tdr (3.4)
o

Ue@ 9= { uw(r, @x® ()W ar (k=1 2,3, 4 (3.5)

v

R-3
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F(s)=\ 1 (r—1)y()r*tdr (3.6)

Fys)=\ f1(r — 1) x (r) rédr 3.7)

Ceviy Sty

Apparently, U (g, s) will be Mellin’s transform of function u (r, ¢) ¥ (7). It follows
from (2,4) that U (g, s) and U, (g, s)on [0, /s m] will be continuous functions of varia-
ble ¢, From Lemma 2, 3 it follows that U, (p, s) are infinitely differentiable for g < /en

Substituting (3. 4) to (3. 7) into (3. 3) we obtain

1/2n
S{U[a“’ + (2 + (s + 220" + (s + 2)2a] + U,[(4s + 6)a” + (4° + 1852 +-
0

+ 24s 4 9)al + U,[2e” + (652 + 24s + 23)a] +
+U; (4s +10)a + Uya)de + F, (s)4a" (Yart) — F (s) 2’ (Yem) = 0

(3.8)
Let us introduce the operators
1ane Yom
o — o)
ko= @—ov@e, xw= | L5 v@ae
¢ P

It is easy to check that for any four times continuously differentiable function a (¢)

which statisfies the conditions a (0) = a’ (0) = a” (0) = a" (0) = 0 the following rela-
tionship holds 1, Yym

sm 1,m
Ua"de — S KUalY dy, S Uadp = g KU Vdg (3.9)
0 0 0 0
It is also obvious that

l/zﬂ
Fy(s)a"(Mom)— F (s) @' (}famt) = \ [YortFi(s) — F (s) — 9F1 (5)] aVdg (3.10)
Placing on function a (@) in (3, 8) the new constraint a” (0) == @’ (0) = 0 and utiliz-
ing (3. 9) and (3. 10), we obtain

Yy

e

U+ K[(s* + (s + 22U 4+ (4s + 6)U, + 2U,] + K, [s¥(s + 2)2U -+

0

b (4s® + 1852 4 245 + 9)U, + (652 + 24s + 23) U, +

(3.11)
+ (4s + 10) Uy + U,] + YantFy (s) — F (s) — ¢Fy (s)} a'V ()dg =0

Since the expression in braces in identity (8. 11) will be a continuous function of vari-
able q,while a!V(

@) is an arbitrary continuous function, then according to the funda-
mental lemma of variational calculus it follows from (3, 11) that

U(Gys) = —K [(s+ (s + 22U + (4s + 6)U; + 2U,] — K, [s* (s + 22U +

+ (45° + 1852 + 24s + 9) U, + (652 + 24s + 23)U, + (4s + 10)U, + U] +
+F(s) —1omF,y (s) + @F1 (s) (0 << << Vem) (3.12)

The right side of identity (3. 12) has two continuous derivatives. Differentiating twice
we find

U = —(s2 4 (s + 2HU — (4s + 6)U; — 2U, — K [s? (s + 22U -+ (4s® + 1852 +
+ 245 4 QU + (652 4 24s + 23) U, -+ (4s + 10)U,; + U,] (3.13)
The function U/ is twice continuously differentiable in [0, /» ], while U, are infi-
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nitely differentiable for ¢ < 1/, nt. Therefore for @ < Y/2 m,Eq, (3. 13) can be differen-
tiated two more times, As a result we obtain

UV (24 (s + 290"+ 2 (s + 22U = M@, 9) (3.14)
Here
M (@, s) = — [(4s + 6)U"y + 2Up" + (45° + 18s® + 24s 4 9) Uy + (6s% + 245+ 23) X
X Uy + (4s + 10)U; +- U] (3.15)
Taking ¢ = 1/ n in (3. 12) we obtain
U@, 8) g = F (5) (3.16)
Differentiating (3, 12) and putting ¢ = Yax, we find
U (@, )lptfyn = F1(5)] (3.17)

Boundary conditions for U (g, s) for ¢ = 0 are obtained from (3, 4)
U lgmo=U'lgmg =0 (3.18)
Thus, Mellin's transform of function u (r, @)y (r) satisfies Eq, (3, 14) and boundary
conditions (3., 16) — (3.18).

P=0

4, Let G (g, ¥, s) be the Green's function of the differential operator determined by
Eq. (3. 14) and the boundary conditions
Ulomo = Ulomtjyn = U'lomg = U'lgmijr =0
Then the solution of the problem (3. 14), (3. 16)—(3. 18) is written in the form:
em
U@ 9= § @ b M 9+ Gy @ Tt 8) F (5) = Gys” @ Y, 5) Fa(s) (4.1)
]
Green's function G (@, ¥, s) in the explicit form is given by the equations

1
G(@, ¥ s)=§s(s___|_11“—)(s_*_2){(s+1)Sin[(8+2)CP—sllJ]+sin(s+1)Tx

% sin [—g-s—(s-l—Z)qJ—sw] + ssin(s 4+ 2) (@ —P) F (s + 2)sin s (@ — ) +-

a® (@, 196V (v, 5) | e (@, 198® (¥, ) 42
R— O R0 | (42)

(@, s) = (s + 2)sins (¢ — Yarw) — cos Yao(s + 1)mcos[(s + 2)¢ — Vasn}
a®(@, )= (s + 2)cos s (¢ — Yam) — cost/o(s + 1)msin[(s + 2)p — Ygsn]
p®) b, s) = scos{(s + 2 — Ysx] + cosl/a(s + 4)msins (p — 1/4m)
b @, s)= ssin[(s + 20 — Yasn] + coslfy (s -+ 1)ncoss (P — 4)
Dy (s) = sinY/a(s + 1) — (s + 1), Dy (s) = sin¥/a(s + 1)m (s + 1) (4.3)

In (4,2) the upper sign is taken for @ <C ¥, the lower sign for ¢ > .

It is evident from (4.2) that G (@,), s) will be a meromorphic function of parameter
s . This function will have simple poles in those points in which the denominators D, (s)
and D, (s) become zero. The points s = 0, —1, —2, represent an exception, It is easy
to check that these points wil' not be singular for G (g, ¥, s). Subsequently only those
zeros s of functions D, (s) and D, (s) are of interest for which Re s; < 0 (1x == 0, —14,
—2). We shall renumber them in the order of increasing moduli, giving the same index
k to zeros with equal moduli (as is evident from (4, 3), one index & corresponds to two
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complex conjugate zeros D, (s) and D, (s)). It is easy to show that
sp = —2 — 2k 4 Venmln2(1 + 2k) + O (k~'lnk)

In [8] a table of roots is given for equations shz 4- 2z/n = 0, After appropriate trans-
formations it follows from this table that (*)
8 ~ —3.739 4 1.119;, s, &~ —b.808 4- 1.4641, sy =~ —7.843 4 1.681i,... (4.4)

Utilizing the explicit representation (4, 2) of the Green function, we can verify directly
that L @9, 5) | <Clsl™, |6y @ Yan, s)[<C | Gy GHama| <C|s| (4.5)
applies in the entire s-plane with the exception of regions near the poles,

8., The representation (4, 1) of function U (g, s) was obtained for o >> 0 ; however, it
also applies for 0 2> —1 by virtue of analyticity of the right side of (4. 1) (analyticity

follows from (2. 2), (2. 3), Lemmas 2,7, 2.8, 2,10 and properties of Green's function),
Let us apply the inverse Mellin transform to (4, 1), Considering r < R — 8, we obtain

1 g+ioo
u(r, P)= 57 S rU (e, s)ds (5.1)
G—ico
Here by virtue of Lemma 2.6 we can write. 6 = —1 + 6, where § >> 0 can be taken

arbitrarily small,
It follows from (5.1) that u {~, ¢) cannot have singularities »%, where Re s <{ 1, more
exactly for Res <1 limu(r, ¢)r®=0
r—)

In the derivation of Eq. (5, 1), only the fact that function # belongs to space W,? ()
and the consequences of this property (2.2)~(2,4) were used. Let us assume now that
f€Clo(—1,R—1), HhE Cr-a (—1,R — 1), 1> 2, 0 <a <1, Then,according to
Lemma 2, 9 (see (3.15),(3, 5) and Lemma 2,4) M ({, s) is an entire function and the
following estimate is valid:

| M (b, )< C (1 gy, +fale, sl e -1 (3.2)

According to Lemma 2,10, F (s) and F, (s) are analytic in the half-plane o > —
— (1 4 a) with perhaps the exception of points s = —1, —2,..., —{, The following esti-
mates are valid: 1.
|F S Chfly s 17 e™ T

| F1 ()| < Cliall, o 1817 Len Lol —A [ (5.3)

1t follows from this that U (g, s) is analytically extendable into the strip —(I + @) <
<0 < —1 and has perhaps in this strip simple poles of points s = s; and s = —k
(k =1, 2,...,0). The following estimate results from (5. 2), (5. 3) and (4. 5)
LT @ NS oy q 111k, D812 T =10 (5.4)

Analyticity of U (g, s)and estimate (5.4) make it possible in (5, 1) to pass from inte~
gration along the straight line ¢ = —1 -+ 8 to integration along the straight line
0 =0p,4 = — (I 4+ a) -4 8. In this connection we obtain

*) The statement of Kondrat'ev [2] (p.289) that in the strip 1 < Rez < 2 there is a
root of the equation sinZ 1/snz — 22 =— O is erroneous, The derivation made on the basis
of this statement is also incorrect,
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O] tic0
w, = | U@ Ndi+Ires 0, o (5.5)
Op4q—ico
Computations in (5. 5) must be made with respect to all poles of the function under
the integral which lie in the strip ¢;,, <6 < —1 + 8. We have
res r=°U (@, s) |, _x =r¥A; (P) (-6)

Here

419 = g {[20 0059 + (29 — 2)sin ] 1 (0) — [P c05 P + (29 — ) sin 1f2 (O)

Az (@) =1/ [sin?Q f"(0) — (Y27 sin? - sin ¢ cos ¢ — @) f1’ (0)]

Ay 1 —
Agpy (¥ = —('2%—;_)1—), [\GOS 2n@sin ¢ — 5—sin 2n @ comp) Fem 0y 4
1
+ (1 + ﬁ\; sin 2n@ sin @ 7,2 (0)] n=1,2 ...

Appin (@) 272(7_% {sin (2n + 1) @ sin @ f 22 (0) — [(1 + 51,7) cos(2n + 1) @ sin ¢ —

_%sm (2n- 1) @ cos cp]h@““) (0)} (n=1,2 ..))

res r U (g, s)|&=sk = cyr %k ay (P) (5.7)
where 1
0= _11; [sin Yas, o F (s,) + “’fk.% Fi(s)—
1 K
— eI OS M, sk)bk(‘lp)dlp] (k= 2n)
1 inl/ys,
Gk = _ﬁ [— Ccos 1/4SkTCF (Sk) + S—l::‘/% Fl(sk) —
1 ym ,
- x5+ 1) (55 T 2) § M@, s) bk ) d‘l’] (k=2n—1)
ay (q?) = a(V) (‘P’ Sk), bk(lp) = b(l) (’P’ sk)v T, = nsin 1/’ S + 2 (k = 2")

a (@) =a® @ s) b)) =8P W, ) T =msintesm—2 (k=20 —1)
Substituting (5,6) and (5, 7) into (5, 5) we finally obtain
l

u(r, Q= S rF 4@+ D oy %a @)+ 0t (5.8)
k=1 Resg>011 o

As is evident from estimate (5, 4), Eq, (5. 8) can be differentiated with respect to both
variables | — 3 times, In this manner the theorem is proved,

Theorem 5,1, If fEC, (—1,R—1), L EC;_,, (—1,R —1),12>2,0a<1,
then function u, which is the generalized solution of problem (1, 1), (1.2), in the vicinity
of point A has an I — 3 times differentiable representation of the form (5, 8).

The representation (5, 8) permits to draw some conclusions about the differential pro-
perties of function u in the vicinity of comer points, For example:



502 V.E,Koval'chuk

) If fEC,,(—1,R—1),EC,,, (—1,R —1)andf (—1) = f (—1) = 0, then
u(z, Y EC g (Rpca) OB
b If fECa(—1i B—1), hECpy(—1, BR—andf (—1) =" (—1) =
= f; (—1) = f;" (—1) = 0, then
u (x1 y) S 02+B (QR—-E,A) (O < ﬁ < 1
VI fECu, (—1, R—1), HECyy(—1, R—1)and f (—1) = f* (—1) =
=" (1) =fi (1) = f'(—=1) = /" (—1) =0, then
(2, §) € Cyg (Qp_ea) O<B<= 0.739)
dHIif f€C (-1, R—1), & Copo (—1. R —)andf (—1) = " (—1) =
= " (=) = A (—=1)'= f’ (=1) = 1" (=1) = 0, then
u(z, y) € Wpt (Qp_, o) (p < = 7.66)

For further improvement of differential properties of the function » in the vicinity of
point. A4 it is necessary to require that not only the corresponding derivatives of functions
f and f, become zero at the point —1, but also some first coefficients ¢,.

Statement (d) and Lemmas 2,2 and 2, 5 permit to formulate the principal result of
paper [1] in the following closed form,

Theorem 5.2. If f& WP (—1,))NC,,(—1, R—1) N C,,, (1 — R, 1),
he Ws—l/p (—1,4) ) Cora (— 1 R—1)Cgu(1 —R, 1), p>2, 0L 1 and
f(:i:i) =f () =7 (:|:1) o E ) =fHE) =4 (1) =AH" (1) =0, then

the solutio # of problem (1, 1), (1.2) is uniquely representable in the form

[o2]
u(z, y)= Z [ck(”ak“) ) cos &, Dz + ¢,Pa, @ (y) cos A, D) (5.9)
k=1

8. The representation of the function u (z, y) in the form of a series (5. 9) makes it
possible to analyze the behavior of the function when the relative width of the rectangle
ABCD tends to zero, i, e, for h — .

Theorem 6,1, If conditions of Theorem 5,2 are fulfilled, then function u (z, y),
which is a solution of problem (1. 1), (1, 2), disappears uniformly together with all deri-
vatives for & — oo in any bounded subregion of the rectangle ABCD.

In the representation (5, 9),as was shown in [1] ¢, = O (™¥™K™"%), a; (y) = O (K7?)
and cos Az = O("™*), so that if b — o<, and z remains bounded, then each term of
series (5. 9) decreases exponentially, which proves Theorem 6. 1.
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ON THE METHOD OF ORTHOGONAL POLYNOMIALS IN

CONTACT PROBLEMS OF THE THEORY OF ELASTICITY

PMM Vol, 33, N3, 1969, pp.518-531
G, Ia, POPOV
(Odessa)
(Received October 3, 1968)

It is shown that the application of orthogonal polynomials to contact problems [1—12]
is closely associated with the existence of a certain special calss of so-called polyno-
mial kernels [13], In [4, 6, 14, 15] particular cases of such kernels were constructed in
various ways, Here we indicate a method of constructing polynomial kernels, on the
basis of which not only all the previously constructed kernels may be obtained, but more
general ones as well,

1, The essential features of the method of orthogonal polyno-
mials, Itisknown thatspatial contact problems with no friction force may be reduced
to a two-dimensional integral equation of itie first kind, To this equation must be adjoined
a differential equation as well, if a plate rather than a stamp is being contacted, For
contact regions such as a half-plane, strip, disk, or annulus, by means of some integral
transformation or another, one may reduce the indicated two-dimensional system of equa-
tions to a one-dimensional problem, In the case ofastamp we thus have only asingle one-
dimensional integral equation of the first kind, In the case of a plate, however, we obtain
a system composed of the equation indicated together with an ordinary differential equa-
tion, This last can likewise be reduced to an integral equation of the first kind by use
of the Green's function for the differential equation obtained, One may get an idea of
how this is done by looking at the example of a plane contact problem in [12],

Thus, spatial contact problems for the regions enumerated, and also plane problems
with one contacting segment (sometimes two) may be reduced to solving an integral
equation of the first kind »
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given on either a finite or a semi-infinite interval,

Such problems, but with account taken of the surface structure of the contacting bodies,
were, in the formulation of Shtaerman [16], reduced to analogous integral equations of
the second kind



